Abstract. In [7] the optimal decay of circular L p means of compactly supported measures of finite energy was given for p ≥ 2, with application to Falconer's distance problem. The question was then raised in that paper as to whether any non-trivial improvement to these estimates were available for p < 2. We answer this question in the negative.
for all positive measures µ on the unit disk in R 2 and all R ≫ 1, where C shall denote various constants which can vary from line to line.
Thus σ p (α) measures the decay of L p circular means of Fourier transforms of measures with finite α-energy. It has been known for some time [5] that the quantity σ 2 (α) was related to the Falconer distance problem [2] , and much of the progress on this problem to date has relied upon this connection.
In [7] Wolff characterized σ p (α) for all α and p ≥ 2, thus obtaining the best possible result on the Falconer problem that one could obtain from these techniques. Namely:
Theorem 0.2. [7] For all p ≥ 2 and 0 < α < 2, we have
The question was then posed to compute σ p (α) for p < 2. Since the L 2 mean clearly controls the L p mean by Hölder, one has
while in the other direction the bound
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was shown in [7] . It was also remarked in this paper that improvements to (2) could have applications to the study of β-sets (sets which contain a β-dimensional subset of a line in every direction).
Unfortunately, there is no improvement to (2) for any p < 2.
Theorem 0.3. For all 0 < p < 2 and 0 < α < 2, we have
Thus the quantities σ p (α) have been computed in two dimensions for all 0 < p ≤ ∞ and 0 < α < 2, although the question whether (1) holds at the endpoint σ = σ p (α) remains open. The higher-dimensional problem is also of interest, but it is likely that one must first understand the (difficult) restriction problem for the sphere before one can compute σ p (α) exactly in higher dimensions.
Roughly speaking, the reason for the lack of improvement is that the circular means estimate can be fooled by "fake" β-sets. For instance, the unit circle is not, strictly speaking, a 1 2 -set, but if one intersects a δ-neighbourhood of the circle with any one of its tangent lines, one obtains a set of measure δ 1/2 , and so in some sense the circle has a " 1 2 -dimensional" intersection with each of its tangent lines. Our proof of Theorem 0.3 will be based upon this unit circle example combined with the familiar Fefferman argument [3] . In particular, our result sheds no light on the study of β-sets.
It is of course easy to distinguish the unit circle from genuine 1 2 -sets even at the δ-discretized level, for instance by imposing a kind of "two-ends" condition on the intersections with the lines (as in [6] ), but it seems difficult to impose such a condition at the Fourier level 1 . One such formulation of the δ-discretized β-set problem will appear in [4] . Proof Fix 0 < p < 2. From Theorem 0.2 and 2 it suffices to show that σ p (α) ≤ σ 2 (α). From (3) we only need to show this for α > 
dx is an absolutely continuous measure for some non-negative bounded function f supported on A, then an easy calculation shows that
Because of this, it suffices to find a non-negative function f on L ∞ such that
Actually, it suffices to find a complex-valued function f satisfying (4), since one can easily split this function as a linear combination of four non-negative functions with comparable L ∞ -norms, one of which must obey (4) for some C p .
Cover A by O(R 1/4 ) rectangles R j of dimensions CR −1/4 × CR −1/2 . Let ω j be the direction of the long side of R j , with the sign chosen so that ω j always points in the anti-clockwise direction. Note that the ω j are C
where ǫ j = ±1 are arbitrary signs, and ψ j are non-negative bump functions adapted to R j . By construction, f ∞ ≤ C. On the other hand, one haŝ
By Khinchin's inequality, one can then find a choice of signs ǫ j such that
From the uncertainty principle we see that the functionψ j (ξ) has size comparable to R −3/4 when ξ lies in the C −1 R 1/4 × C −1 R 1/2 rectangle centered at the origin and with the long side orthogonal to ω j . In particular, we see that Inserting this estimate into the previous we obtain (4) as desired.
The author is supported by NSF grant DMS-9706764 and a Packard fellowship.
